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+ REMOTE STATIONARY WAVE FIELD GENERATED BY LOCAL PERTURBING SOURCES IN
A FLOW OF STRATIFIED FLUID"

V.F. SANNIKOV

A linear formulation is used to study the problem of stationary waves
formed in a uniform flow of an inviscid incompressible vertically
stratified fluid past a point source or a mass dipole. Formulas are
derived representing the characteristics of the wave field in the form
of the sum of single integrals. A method is developed for constructing
complete asymptotic expansions of the integrals obtained for large
distances from the wave generator, including uniform expansions near the
leading fronts of the separate modes. Approximate sclutions of the
problem in question exist (/1-4/ et al.). The behaviour of the character-
istics of the wave field near the leading fronts of internal waves was
studied in /S, 6/. In the case of a deep liquid the asymptotic form
uniform in the neighbourhood of the leading fronts is expressed in terms
of Fresnel integrals /5/, and in the case of a liquid of finite depth by
Airy functions /6/. Examples of the exact solution of the problem are
given in /7/.
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1. Let an inviscid incompressible fluid occupy the region oo << z,y < +oo, —h<<z<0
and let it flow with constant velocity ¢ in the positive direction of the horizontal z axis.
The velocity of the unperturbed fluid p,(8) depends on the single vertical z coordinate, the
function p, (2} is monotonic and non-increasing. A point source of constant intensity q is
situated at the depth A; from the level of the unperturbed free surface z = 0 of the fluid.
The stationary wave field generated by the source is described in the linear approximation by
the equation for the vertical component of velocity w{z,¥,2) /2, 3/ with the boundary con-
ditions

D (p{,}élw/az) + po (V%62 + 0%/02%) Ay — oD lped (2, y, z + (1.1)
k)

(D — gAY w=0(=0),w=0(@=—h) (1.2)

w0 (2* + y* - )

D = 0%/92%z, Ay = 3*/02* + 0%/0y*, N2 (z) = —gpo~1p,/dz

Here N (z) is the Brunt-Vdisalid frequency, g is the acceleration due to gravity, and
8 (-) is the delta function. The boundary conditions must be supplemented with the radiation
condition, which is that the main wave perturbations are formed in the downstream direction.
Applying to (1.1) and (1.2) a Fourier transformation in the variables z and y we obtain,
for the transform of the vertical component of velocity,
o

W (r, 8, z) = (2r)™ SS w(z, ¥, 7) exp [—ir (z c0s 6 + y sin §)] dz dy

—

Ir<oo, 0K 0<2n

the following boundary value problem:

(PoWa)e + po [N? (c o8 8) — !l W = (2n) g [ped (z + hy)l, (1.3)
W, —gcosB)?W=0(@z=0),W=0(z = —h)

Let us choose P =r? as the spectral parameter, and let f,, Wy(n=12..,; B;> 8, >...)
be a set of eigenvalues and orthonormalized eigenfunctions of the Sturm-Liouville problem

PoWo) + 0o (N —BYW =0 (—h<z2<<0) (1.4)
W, —gW=0 (z=0), W=0 (3= —h), A= (ccosB)?

( § peW, W, dz==0, nsm; § W, idz—= i)
—h —h

The solution of the inhomogeneous boundary value problem (1.3) can be written in the
form of a series /2, 3, 7/

W= (2“')—1 gpo (“ hl) 21 on (Z, - hh 9) (T% - Bn)“l (1,5)
O, (2, —hy, 8) = W,y (2, 0) Way (—hy, 0)

Let us list briefly the basic properties of the dispersion relations P (0), known from
the work done concerning the internal waves excited by the moving sources of perturbations,
or the waves in the moving fluid excited by the stationary sources. Let us write 00 < n/2.
The properties P, (8) can be easily transformed to other intervals of variation in 9, since
the functions B,{8) depend in fact on A = (ccos8)2. Thus the vzlues of B, (0) are real; the
functions B, (8) increase monotonically and tend to infinity as 8—n/2. If c¢<<e¢, {&n is
the velocity of propagation of the longitudinal waves of the n-th mode), then B, (0) >0. If
€>¢,, then the function §,(8) has a single simple zero § == 8,, 8, = arc cos {¢,/c). We know
/1/ that when ¢ > ¢,, the angular width of the region of basic wave perturbations of then-th
mode is equal to 2 arc sin (g,/c)-

Applying to (l.5) an inverse Fourier transformation, we obtain an expression for the
vertical component of the velocity in the form of a sum of double integrals

w(z, Y, 2) == (zni)-l gpo (— k1) ugx Wy (2, Y, 2) (16)
/2

wa(z, ¥, =Re § ®p(z, —h1,0)7,(8, R, 7)d0 (.7
-3/ ’

o0

1,8, R, v)={ r (r* — Bt exp [irR cos (8 — v)] dr (1.8)

]
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Here R,y are polar coordinates in the horizontal (z, y):z = Rcosy, ¥y = R sin y-plane.
When B, >0, the path of integration in (1.8) passes the pole along the small semicircle in
the lower complex half-plane of the parameter r. Such a method of bypassing the singularity
is determined when considering the problem of establishing the wave field /7/.

The vertical displacements of the fluid particles in the stream { (z, Y, 2), caused by the
action of the source are connected, in the linear approximation, with the vertical component
of the velocity, by the kinematic relation ¢d{/dz = w. Integrating (1.6)-(1.8) in &z, we obtain

(2,9, 2) = q(2n%c) ™ po(— ) glcm (4, 2) (1.9)
/2

ta(@ gy 2)=Re § @, (z, —h1,8)cos 87, (Q, R, 7)dO (1.10)
—at/2

Ja(8, R, y)=—i S (r* — Bp)texp[irR cos (8 — y)] dr (1.11)

The integration path in (1.11) is the same as in (1.8).

The variable change r = |fi, [ enables us to collect all the parameters occurring in
the integrands in (1.8) and (1.4) in a single combination R |B.|s cos (6 — y). Regarding J, and
I, as Laplace transforms and using the known analytic properties of the latter, we obtain

In=G(— RA,), Jo=rtF(— RA;), A (8, 7) = (1.12)
s (8) cos (8 — )

Here G (p) and F (p) are the analytic continuations of the functions

g={ 1@+ rera, )= @+1temdt Rep>0)
[ [1]

in the complex plane of the parameter p with a cut (— oo, 0); ra (8) = B4 (8) if B, >0 and
rp(®) =il—p, O if P,<<0 the root is arithmetic. We note that when @ varies from
— n/2 to s/2, the curve p=—RA,(8,7) moves only along the axes of the complex p
plane. The edge of the cut is chosen arbitrarily when Im A, =0, Re A,>> 0, since we need
only the real parts of the functions G (p) and F (p) in formulas (1.7) and (1.10), while
ReG(p) and Re F (p) vary continuously in the course of the passage through (— oo, 0]

2. Let us describe briefly the properties of the functions G (p) and F (p) which will be
needed when analysing the solutions obtained.
1°. We have the following formulas /8/ in the region |argp |<<m:

G (p) = — Ci(p)cos p + si (p)sinp, F(p)=_Ci(p)sinp + 2.4
si(p) cosp

(si (p) = n/2 — Si (p); Si(p) and Ci(p) are the integral sine and cosine respectively).
2°. Information on the behaviour of the functions G (p) and F (p) near the point p =0 is
given by the expressions following from (2.1) and from the definitions of Si(p) and Ci (p) /8/

G(p)=—Ilnpcosp+ g (p), F(p)=Inpsinp + f,(p) (2.2)

where g, (p) and f, (p) are entire functions, and the principal branch in the complex p
plane with a cut (— 00,0l is chosen for In p.
30, Differentiating (2.1) we can confirm that

G =— o F (). Fo)=-4 16 +1np] 23)
4°, when |p|— oo, we have the asymptotic expansions /8/
GE)~ 3 (— 1" Cm+ i, Flp)~ @49

S} (— 1 2y prams
ma=0

The expansions are uniform in argp when jargp [ n —eg, >0,
5°. From the definition of the functions G (p) and F (p) it follows that

G (— p) = G (p) + isne™, F(— p) = — F (p) + ne'*” (2.5)
s = sign (arg p)
Using (2.4) and (2.5), we can construct an asymptotic form of the functions G (p) and
F(p) as |p|— oo, uniform in the neighbourhood of the cut.

Thus the integrals (1.8) and (1.11) have been expressed in terms of known functions, and
we can assume that the solutions obtained for the vertical displacement and vertical velocity
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fields generated by a point source are sums of single integrals of the form

n/2

wa=Re | ©,6(— RA,)d8, (2.6)
—t/2
n/2

ta=Re | @, (r.cos6)*F(— RA,)dO

—an/2

3. Let us now analyse the contribution of the n-th mode in the remote region of the
wave field (as R — -+ o0). We exclude from our discussion the neighbourhood of the vertical
plane y = 0. We assume that § Cy<{n — 86,8 is a small positive number. First we will
make certain comments concerning the construction of asymptotic expansions of the integrals
(2.6). Formula (2.2) shows that the integrands in (2.6) have logarithmic singularities at
points which are the zeros of A,. The function A, (0, y) = r,(8)cos (0 — 9) has a zero 0 = 8,
0p =y — n/2 and, provided that ¢>¢, 0 =40, are also the zeros of r,(0). The case
when ¢ =¢, when 6, =0 is not discussed. If 0,5 =+ 0,, then 0, is a simple zero; dA, (0,,
r)/d8 =r, (6,) % 0 and the points =+ 6, are zeros with multiplicity of k:

dAn? (=05, 7)/d6 = cos? (4= 0, — 7) B, (4= 0,,)/dB % 0
Let us use the expansion of the unity /9/

1=n(0)+n(® 8)+n(@, 6,)+n(0 —8) (3.1)

Here 1 (8, T} is an infinitely differentiable finite function, different from zero only
in a certain neighbourhood U (1) of the point 6 =1, 7 (v, 1) =1, d" 1 (1, 1)/d6™ = 0, m > 1. The
function n () complements to unity in the interval (— n/2, =n/2) the sum of the remaining
three terms.

In accordance with (3.1) the integrals (2.6) decompose into a sum of four integrals,
three of which represent the contributions of the zeros of A,. The carrier of the function
1 (8) represents the union of intervals (two when ¢< ¢, and four when ¢>>¢,) on which the
quantity | A, | has a uniform lower limit. According to the theorem on the integration of
asymptotic series /9/ the formulas for w, and {,, asymptotic as R — -} oo, can be written
using (2.4) and (2.5) in the form of a power series and a Fourier integral. The asymptotic
form of the Fourier integral is equal, with the accuracy of up to O (R*), to the sum of the
contributions of the boundary points and stationary points /9/. The boundary points of the
integrals in question are the zeros of A, and 6 = n/2. The contribution of the zeros of A,
is already separated by the introduction of the functions 7 (8, T), and the point 6 = n/2 yields
a contribution towards the integrals (2.6) of the order O (R-*) when 8§ <{y<(n — 8. The
stationary points 0, are solutions of the equations dA,/d0 =0 wunder the condition that
ReA, > 0,ImA, = 0. The number of stationary points N (y) depends on the parameter . It
can be shown that N (y) is always finite.

Thus the above analysis shows that the asymptotic form of the integrals (2.6) has, with
the accuracy of up to O (R—), the form

NeY)

[w,.] ~Sw(BR)+ Y. Zw(RD)+ Y Duy(R,6) 3.2)
C" T==0,, ;te_n k=1
Sav(p) ~ 2 (— )™+ (2m 4 1 — v)l R-2m-2 ¢ 3.3)
- =g
S DOpAY 248, Dpy= D, (1, cosB)~
—n/2

Here v =0 for w, and v =1 for .. The contribution of the stationary point 0, is
the integral

a2

Do (R,8) =nRe[i0% | ®nyn (8, 8) exp (:RA,) 6] (3.4)

-3/2
and the contribution of the zero T and of the function A, is the integral
/2

Zw(R,)=Re § ®.n(8,7) Ey(— RA,)d0 3.5)

—n/2

(Eo(p) =G (p)y E1(p)=F(p))

The formulas which give full asymptotic expansions of the contributions of the simple,
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near and multiple stationary points can be found in /9/.
We obtain the asymptotic forms of the integrals (3.5) by integration by parts with the
help of (2.3). The first integration yields

/2
Zuy(RyT)= VR S M@0 (8, 7)) In| A, |d6 —
—7/2
n/2
(— 1R (M (@ (0, 7)] Brcy (— RO} B,
—q/2
— 0 !
M[(D]_( Ao )e

The second integral in the above formula has the same form as the initial integral.
Integrating it by parts we obtain the term of the order O (R™?), etc. As a result we have

o /2
Zuy(Ry )~ 3 (—ymR-m | My (@0 8, 1] 1n | A, | O (3.6)
m=1 —3t/2

We note that the asymptotic forms of the contributions of the zeros in 6 of the
function A, (8, y) , represents power series similar to (3.3), Let

SLy(R)= S (B) + Z Zuw (R, 7)

t=de 20,

Adding the series for S,, and Z,, term by term, we obtain

o0

M ()~ Y (= 1) @2 4 £ — V)Lt (¥) RV (3.7)
e

Gl (¥) = S @pn (0) AV 0 — (3.8)
—J/2 e
! My [0 (8, 7)] 1n | A, | O

2 1—w)!
(2m + V) ©="0,, :1:9” —~/2

It can be confirmed that (3.8) represents a regularized form of the integral
Az
Uy (V) = S @, (r cos B)~Y AL dO 39

—a/2

Vv—2m-~2
n

in which A must be regarded as a generalized function. In particular,

w/2
Ong (1) =v. p. S @, [r.2cosOcos (@ —y)] ™1 ab

—n/2

Thus the asymptotic forms of the integrals (2.6) are represented by the sums of the
power series (3.7) and contributions of the stationary points. The first term of the power
series for w, in O (R™?), and for §, it is O (R™).

4. The asymptotic expansions obtained will not be uniform in 8L y<Cn—8§, §>0
when 8, - — 0, oxr 8y —6,. When 6, —> — 0, — 0 , the zeros of A, merge with the stationary
point situated between them. The vertical plane in the (2, ¥, z2) space for which 8, = —8,
OY ¥ = Ya, Yn = arc sin ¢,/c, corresponds to the boundary of the region of the basic wave perturba-
tions of the n-th node. In the case when ¥ > ¥,, the equation of stationary phase dA,/d6 =
0 has no solutions. When 8,—> — 8, -0 or 8,—0,, only the zeros of A, will merge. It
can be confirmed that when —6, — 0> §,,8, > 0, the stationary points are separated by a
uniform distance from the zeros of A, and the asymptotic expansions (3.2) are uniform in
P: 8Ly —6.

Let us write @, = — 0, — 08, and let |w, |<€ 1, i.e. we consider the region of the leading
front of the n~th mode. The asymptotic form of the integrals (2.6) has, in this case, the
following form with an accuracy of up to O (R™™):

[Z:] -~ Snv (R) + va (Rv en) + Y"V (‘R) (4.1)
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The last term in this formula represents the contribution of the near points 8, and —8,:

n/2
Yu(B)=Re { ®.n (80, —8,)Ey(— RA,)d0 (4.2)

-T/2

Here v (6, 8o, —6,) = 1 (8, 8,) 4 1 (0, —6,) is an infinitely differentiable finite function equal
to unity on the segments whose ends coincide with the points 0, and —6,.
Let us find the asymptotic form of the integral (4.2) when R -— -4 oo, The substitution
=z B, — u?, = (— 8, —0)¥+ (the principal branch of the root is chosen) regularizes A,
and the integrand in (4.2) when v =4, The expression for A, can now be written in the form
Ap (8, ¥) = Sp (u, @), Su (2, ©,) = up, {u?) sin (0, — u?)
where pu (V) = V7a2 (6, + v)/o is a holomorphic function at the point v = 0. This follows from
the fact that the dispersion relations §,(A) of problem {(1.4) are holomorphic functions
r? (8,) = 0 and dr,® (8,)/d® > 0. It can be confirmed that the function &, (x, ®,) satisfies all
conditions of the lemmas 6.2.1-3 of /9/. Using these lemmas and remembering that S, (¥, ©,)
is an odd function of the variable u and returning after this to the initial variable 8, we

have:
1°., wWhen |, |50 are small, the equation dA,/dd =0 has a single solution Byn (@),
01 (0) = —0,. The function 8,,(w,) is holomorphic for small w, and

Oun () = — 8, — 22 (14 3 0,2)
k=1

2°, A function u, (t, ), exists, holomorphic in (¢, @) in some neighbourhood of the point
0, 0), such that u (0, 0,) = — 6,. After the substitution 6 == u, (i?, ©,) the function A, (0,y)
takes the form

8, (B, v) = — 8,8, B), S, (£, B) = E¥3 — kB 4.3)
B = B (a,), B(0) =ra?[3sin (8 — v)/(ra%)s' K2y,
The arithmetical branch of the root is chosen in the expression for B (o,).
In the reverse substitution &= (— 8, —8)%E (—8,—90, ®,), the function §; (r,®) is holo~
morphic in {r, ®) in some neighbourhood of the point (0, 0).
3°. The function B (®»,) is holomorphic at the point @, =0, and

B(0n)=0a [—;- ﬂ%e-‘"—)]/ [1 + O(w,)]

The substitution (4.3) transforms the integral (4.2) to the form
i

Yo (R)=Re { 99,0 (89 Ev[RSo &, B)] d& (4.4)
P (E3) == E¥ 1D, (3, B, — ,) A0/

Wherever the functions of real variable are not defined, they are continued by means
of the zeros. It can be confirmed that @u{t) e C™.
We find the asymptotic forms of the integral (4.4) by integrating by parts and using
(2.3). 1In the first stage we have
ico
Y v (B) == @uy (B) J1ov (B, B) —vR* { ED10uy (&%) In[ S0 dE + (4.5)

oo
ico

(— 1)y B S E¥DyPnv (&%) E1—y (RS,) dE

Jiv(R, B)=Re { BE,(RS))dE, Doy (£3) = (¥ + E2Dy) ¢ (&)

No(B)=Io (&) —oBI/ (&~ B), Dy (") =
24 [No (E%))/dE?
The last integral in (4.5) is of the same type as the initial integral. This enables us
to use the recurrence methods to obtain the expansions of the integrals (4.4) as R— 400,
As a result we have
Yoy (R) ~— 3 (— 1)"Rv-am=2 § £D;% (D, D) pny (£9) I | Sof IE+ (4.6)
me=)

D (= )" R=m [Ty y (R, B) + (— 1) RN (R, B) Dy] X (DyyDy)™ @y (B)

m=0
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Let us evaluate the integrals Jy{R, B). From (2.5) it follows that

Jiv(R, B)=(— )" I,y (R, B) +nIm {iv {zi-vexp[iRSo €, B)] dg}
I,y(R,B)=Re § B-"E,[~ RSs(, B)] dE

The functions Hy (E) = Ey[—AS, (§, B)] are holomorphic in the region O<Cargi<In/2, and since
Hy () =0 (t*%) as |[E|— o0 which follows from (2.4), it can be shown that the integrals
I,y (R, B) are egual to zero. The remaining single integrals can be expressed, after the
substitution ¥ = R-%{, in terms of the Airy function /8/ and its derivative as

Jo (R, B) = n*R-s Ai’ (—BR" (4.7
Ji(R, B) = —a’R-" Ai(—BR-#)

Thus the formulas (4.1), (4.6) and (4.7) together with (3.3) and (3.6) show that the
asymptotic expansions, as R -— -+ oo, of the integrals (2.6) uniform in ¥ near the leading
front y = 1v,, are given in the form of the sums of power series and the series containing
Airy functions and their derivatives. Let us write out the principal terms of the asymptotic
expansions when |y — 7y, <1

W= — m2R Ai' (— BR¥) @, V — 2/B"ep loo,, + O (R1) (4.8)
Ln= 3R Al (— BRY) 0, (005 8) Y 2B%/Argg oo, -+O(R™Y)

On moving away from the leading front into the wave zone, when the argument of the Airy
unction becomes large, the substitution of the asymptotic forms Ai and Ai'/8/ into (4.8),
vields the principal terms of the asymptotic expansions of the contributions from the simple
stationary point 8y,

We treat the second case of merging the singularities when 8,—8,, in exactly the same
manner. Here the formulas corresponding to (4.6) contain, instead of the integrals Jy (R, B),
the integrals Iy (R, B) and the asymptotic form of the contribution of the near points 6, and
0, is represented by a power series only.

The principal terms (4.8) of the asymptotic form of the contribution of the n-th mode
in the neighbourhood of its leading front are analogous, when ¢>>¢,, to those first obtained
in /6/. The different result obtained in /5/ can be explained by the fact that in /5/ the
authors dealt with the limiting case of a thin thermal wedge and the depth of the fluid
tended to infinity. In the case of such an approximation the dispersion relation connecting
the frequency @ with the wave number r can be expanded, for small values of r, in the series

@=c¢gr + b4 ..., g b=const, bs£0

For a fluid of finite depth, the dispersion relations ,{r) can be expanded in series
in odd powers of r. Since the main contribution to (2.6) is given in the neighbourhood of
the leading front of the n-th mode by the integral corresponding to small values of the wave
number, the difference noted above appears to be a fundamental one.

In conclusion we note that the vertical displacements 71 {z, y, z} caused by the action of
a point dipole oriented against the flow, of moment d, are connected with the vertical dis-
placements { (z, ¥, %), caused by the action of a point source of strength ¢ by a simple formula:
1 = dg~*0%/0x. Comparing this formula with the kinematic relation w = cdt/dr we find that
n =d(eg)~tw and the asymptotic formulas for w obtained in this paper differ only by a
constant factor from the formulas for the field of vertical displacements caused by the action
of a dipole. The cases of merger of the singularities discussed above when By — = O, occur
only when ¢>>¢, The asymptotic expansions of the integrals (2.6) for the case ¢<(¢,, were
discussed in /10/.
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DIFFUSION ANALOGUE OF A COMBUSTION WAVE IN A SYSTEM WITH DISCRETE SOURCES”

G.G. CHERNAYA

The problem of selfsustaining concentration waves in discrete quasione-
dimensional system with diffusion and threshold activation of the sources
is considered. A number of applications of such models for describing
spontaneous contraction waves observed in the course of experiments
involving single muscle cells is discussed.

For many bological objects the passive transport of matter (caused by a difference in
concentration) across some barriers such as biological membranes, denends in a complex manner
on the absolute values of the concentrations on both sides of the barrier. Normally this is
caused by the fact that transported material takes part in the chemical reactions which
radically alter the effective permeability of the barrier.

One of the most interesting processes of this tyvpe is the release of Ca** ions from the
inner cavities (terminal cisterns) of the cardiac musle cell directly into the contractile
apparatus, the release occurring when the concentration of these ions outside the cavities
reaches some threshold value. It is also necessary, in order for the release to occur, that
this external concentration should approach its threshold value from below and at a sufficently
rapid rate /1, 2/. The membrane which confines the intracellular cisterns, distributed
within the cells in an orderly manner and separated from each other by distances of order at
least equal to the size of the cisterns themselves, is regarded as the barrier.

The successive release of the ions from the cisterns can occur either as the result of
diffusion of the released calcium, or with the help of electric control signals /3/ propagating
rapidly along the cell. The signal can appear, in principle, as a result of large changes
in ion concentrations occurring after calcium has been released from the cisterns. The release
of calcium from the sequentially distributed cisterns results in the formation of a wave of
increased concentration of calcium propagating along the cell, followed by a mechanical
concentration wave which was observed experimentally in /4/ (the Ca** ions locally trigger
the performance of contractile structures of the cell).
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